This paper proves that there exists a bijection f from a finite group G of order n onto a cyclic group of order n such that for each element x ∈ G the order of x divides the order of f (x).
Introduction
The main objective of this article is to answer in the affirmative the following question (see Problem 18.1 in [10] ). Question 1.1 (I. M. Isaacs). Does there necessarily exist a bijection f from G onto a cyclic group of order n such that for each element x ∈ G, the order of x divides the order of f (x)?
An affirmation in the special case of a solvable group G has already been settled by F. Ladisch [7] . Also, in [3] , authors find the solvable group G of order n, such that there exists a bijection f from G to C n p × C p where p is a prime divisor of n such that o(x) divides o(f (x)) for all x ∈ G. Let f be a function from R to R and P k (G) be the set of all subsets of G of size k. Define ψ f,k (G) = S∈P k (G) µ(S) where G is a finite group and µ(S) = Π x∈S f (o(x)). In 2009, H. Amiri, S.M. Jafarian Amiri and I.M. Isaacs in their paper [1] proved that if |G| = n and G is non-cyclic, then ψ i,1 (G) < ψ i,1 (C n ), where C n denotes the cyclic group of order n and i is the identity map on R. Also, in [2] , authors prove that ψ i,2 (G) < ψ i,2 (C n ). Positive answer to Question 1.1, leads to the following result.
Theorem 1.2. Let G be a finite non-cyclic group of order n and k ∈ N.
(a) If f is increasing function, then ψ f,k (G) < ψ f,k (C n ).
Let H be a finite group, and let a ≥ 2 be an integer. Define the undirected multigraph G(a, H) with vertex set H and x ∼ y if x a = y, with an additional edge if y a = x. This graph has connection with algorithmic number theory and cryptography for example you can see [4] , [6] and [11] . Let N(a, H) denote the number of connected components in G(a, H). Positive answer to Question 1.1, confirms the Conjecture 1.3, posed by M. Larson in [8] . In what follows, we adopt the notations established in the Isaacs' book on finite groups [9] .
Generalised element orders
Let G be a group of order n and d a divisor of n. We denote by L d (G) to be the set of
We need the following theorem that was introduced by Frobenius [5] . Let G be a finite group and x ∈ G. Let p be a prime divisor of n. Then we denote by π p (x) to be the mth power of p such that gcd(p m+1 , o(x)) = p m .
where p 1 , p 2 , ..., p k are distinct primes. Let H be the cyclic group of order n. Then there exists an bijecyion β from G to H such that π p (x) | π p (β(x)) for all x ∈ G and all prime divisors of n.
Proof. First we prove there exists a function β 1 from G to H such that π p 1 (x) | π p 1 (β 1 (x)) for all x ∈ G.
Let q 1 = n p β 1 1
. By Theorem 2.1, q 1 | |L q 1 (G)|. Then there exists a subset A 1,0 of L q 1 (G) of size q 1 . Let f 1,0 be any bijection from A 1,0 to L q 1 (H). By Theorem 2.1,
be any bijection from A 1,1 \ A 1,0 to L q 1 p 1 (H) \ L q 1 (H). By repeating this process we may find a subset A 1,
Now, we prove there exists a function β 2 from G to H such that π p i (x) | π p i (β 2 (x)) for all x ∈ G and i = 1, 2.
. By Theorem 2.1, q 2 | |L q 2 (G)|. Then there exists a subset A 2,0 of L q 2 (G) of size q 2 . Let f 2,0,0 be any bijection from A 2,0,0 to L q 2 (H). By Theorem 2.1, q 2 p 2 | |L q 2 p 2 (G)|. Then there exists a subset A 2,1,0 of L q 2 p 2 (G) of size q 2 p 2 such that A 2,0,0 ⊆ A 2,1,0 . Let f 2,1,0 be any bijection from A 2,1 \ A 2,0,0 to L q 2 p 2 (H) \ L q 2 (H). By repeating this process we may find a subset
By Theorem 2.1, q 2 p 1 | |L q 2 p 1 (G)|. Then there exists a subset A 2,0,1 of L q 2 p 1 (G) of size q 2 p 1 such that A 2,0,0 ⊆ A 2,0,1 . Let f 2,0,1 be any bijection from A 2,0,1 \ A 2,0,0 to L q 2 p 1 (H). By Theorem 2.1, q 2 p 2 p 1 | |L q 2 p 2 p 1 (G)|. Then there exists a subset A 2,1,1 of L q 2 p 2 p 1 (G) of size q 2 p 2 p 1 such that A 2,0,1 ⊆ A 2,1,1 . Let f 2,1,1 be any bijection from A 2,1,1 \ A 2,0,1 to L q 2 p 2 p 1 (H) \ L q 2 p 2 (H). By repeating this process we may find a subset A 2,m 2 ,1 of L q 2 p m 2 p 1 (G) of size q 2 p m 2 2 p 1 such that A 2,m 2 −1,1 ⊆ A 2,m 2 ,1 . Let f 2,m 2 ,1 be any bijection from A 2,m 2 ,1 \ A 2,m 2 −1,1 to L q 2 p m 2 2 p 1 (H) \ L q 2 p 1,m 2 −1 2 (H). Clearly, we may assume that A 2,m 2 ,1 ⊆ A 1,1 . Let f 2,m 2 +1,1 be a bijection from A 1,0 \ A 2,m 1 to L q 1 p 1 (H) \ L q 2 p m 2 2 (H). Set
By a similar argument as above, we may find bijection f 1,2 , f 1,3 , ..., f 1,m 1 +1 . Let β 2 = f 1,0 ∪ ... ∪ f 1,m 1 +1 . Then π p 1 (x) ≤ π p 1 (β 2 (x)) and π p 2 (x) ≤ π p 2 (β 2 (x)) for all x ∈ G.
Thus inductively for q s = 1 , we have π p (x) ≤ π p (β s (x)) for all x ∈ G. In special case if s = k, then β k = β is a bijection from G to H with desired property. Corollary 2.4. Let G be a finite group of order n. Then there exists a bijection β from G onto a cyclic group of order n such that for each element x ∈ G, the order of x divides the order of β(x).
Proof. By Theorem 2.3, there is a bijection β from G onto C n such that π p (x) ≤ π p (β(x)) for all x ∈ G and all divisor p of n. Then clearly, o(x) | o(β(x)).
Corollary 2.5. Let G be a finite non-cyclic group of order n, and let f be a function from R to R.
Also, we can prove Conjecture 1.3. .
